Introduction
The Rotary Inverted Pendulum is a classic control problem that is explored often as a project in control courses due to its easily developed dynamics combined with its complexity of control design. In this project, we delve into the digital control of this system for achieving the control objectives.
This system is composed of a pendulum attached to the end of a rotary arm controlled by a motor. The motor we use is a Quanser SRV-02 Plant, whose characteristics are known completely. The motor itself consists of a servomotor coupled with a gear-chain. The main objective is to keep the pendulum in upright position of unstable equilibrium. The secondary aim is to keep the motor at a particular provided angular position while performing the primary task. The final task is to destabilize the motor from the hanging down position of unstable equilibrium so that it eventually comes into the stable range, where a mode controller can kick in to initiate stabilization.
Physical System Analysis
The pendulum is referred to as α and the motor angle is referred to as θ. The references are α=0 at the upright position and θ=0 at the starting position of the motor (marked on the motor). However, for the destabilization controller, the reference is α=0 at the down most position.
We first proceed to derive the equations of motion. The main dynamic model is shown below:
We can formulate the system dynamics equation based on Euler-Lagrange formulation. We obtain the Potential and kinetic energies of the system as follows, Output torque ( ) on the load from the motor is:
Solving above equations we get
Where,
Motor parameters are as per LAB assignments, can be seen in MATLAB code in Appendix.
Analysis of Digital System
The block diagram of our linearised model is as follows
We need to find out transfer functions for G α,Vm , and G ,α .
The state space representation of our system is as described earlier, For simplicity we write above equation as follows 
Equation 4-differential equation
Taking Laplace transform of eq (1) and (2), and assuming initial value of all the states to be zero, Clearly one eigen value is non-negative. Our system is unstable at the moment.
The desired modal damping rates and damped natural frequencies are simply the real and imaginary parts of the eigen values.
We have selected 4 times the highest damped natural frequency as our sampling frequency.
[ We have one pole outside of unit circle, and one zero on unit circle.
Since a root locus always starts from an open loop pole and ends at an open loop zero or infinity, the root locus will always lie between the above mentioned pole and zero, irrespective of the gain of the system. This rules out a P controller. To bring the unstable pole inside the unit circle, we have to make multiple roots branch from the root locus which is lying outside the unit circle. To accomplish this, we place one pole at (1,0). Now, we place two zeros inside the unit circle so that the root locus between them will branch in from the pole which is lying outside the unit circle.
Hence, we have selected a PID controller for controlling the system with only one feedback. The basic controller form for this type of controller is:
, which can be written as; Here, we want to place the zeros close to each other and in such a way that there will be no pole in between them, because we want the root locus between the zeros to branch in at multiple roots. This is necessary to bring the root locus, which is outside the unit circle, inside of unit circle. It is worth noting that, we don't have any control over from this kind of controller. , the motor swing angle can go unbounded. In order to achieve the secondary task of controlling the motor angle and maintaining it at a specified reference value, we try to get additional feedback for as well.
c. Digital Controller with two feedbacks, and α
Here, design constraint on setting time of theta and overshoot of theta are not stringent. We will just follow, Theta Ts> Alpha T s We are doing this because we do not want to saturate motor voltage. Our main objective is to keep pendulum in upright position. The proposed block diagram
In the above block diagram we have inner loop which is controlling pendulum angle and the outer loop is controlling the motor swing angle.
The above block diagram can be reduced to
We notice here that is always equal to zero, because pendulum has to maintain upright position. Hence, above block diagram can be reduced as Here, 2 = ( )/ 1 ( ). With above explanation it is clear that controller 2 , will have negative gain.
The inner loop controller remains the same.
Here, first we need to find out transfer function for v/s α in discrete domain. From above bode plot, our system is unstable on its own because of negative phase margin. We can make our system stable with a lead compensator. A lead compensator increases systems bandwidth and improves phase margin.
Hence, the form of controller is PD Where, K= * + and 1 = − * +
The above information states that our controller has one pole at the origin and a real zero. Clearly, we have achieved reasonable phase margin and gain margin to have system stable. Clearly, the response takes little longer to settle down. This is beneficial and necessary since in a cascade control, we require the outer loop to have a larger settling time than the inner loop. As long as we are able to achieve the desired motor swing angle, our controller is satisfactory. 
Simulation in Simulink
In order to validate the controller design, we try to simulate it using Simulink, a Graphics based simulation tool supported by MATLAB. We start with making a simulation model, proceed to the controllers and eventually lead up to the overall system.
a. Non-Linear Model of Actual System
The first task was to create a system to emulate the actual system in continuous domain. For this purpose, the non-linear equations for alpha and theta as a function of Voltage V m were modeled in Simulink as shown below. 
b. Linear Model at Unstable Position
The next step was to create a linearized model for the above so that the performance of the linear model could be gauged. We use the equations for the model linearized about α=0. 
c. Stabilization Controller
Next, we try to get implement the stabilization controller for alpha and theta. We build it in the discrete domain using "discrete time transfer function" tool in Simulink. It appears below: The responses we get are listed below. 
d. Destabilization Controller
Now we try to build the destabilization controller that will amplify the oscillations of the pendulum from the hanging down position and bring around the unstable equilibrium position so that the stabilization controller can take over. Our purpose here is to increase the amplitude of oscillations of pendulum from its downward equilibrium position until it reaches upright stability zone of +-6degrees. However, during the process we don't want motor angle to drift too much from its set point.
To design destabilization controller we first need to linearise our dynamics equation about α=π, instead of α=0; Complete kinetic energy of our system is taken as The response of destabilizing controller for alpha 
e. Mode Controller
The next step is the design of a mode controller that will switch between the Stabilization and Destabilization controllers depending on the deviation of the pendulum from the upright position. The only aspect here was the value of alpha threshold at which the controllers would be switched. To ascertain that, we build a circuit for comparing the Linear and Non-linear models for the system. It is as shown below: The response we get indicates that the two show a considerable divergence at α=±14®. 
f. Overall Model and Performance
Finally, we simply put all the models as submodels in a main window and switch the stabilization and destabilization controllers using a switch controlled by the Mode Controller. 
LabView Models and Physical Implementation
As the final phase of the project, we build the designed controllers in LabView. This software is used to interact with the actual system and control it.
a. Controller for Alpha only
The first trial is done by implementing only the alpha controller. It is as shown below. The simulation is not proper but has been retained for showing the overall flow of the VI. The saturation controller controls the amount of voltage being fed to the motor to avoid it from burning out. 
− ℎ −
We can see from above figure that the variations are almost zero. In real world scenario we have little variations in surrounding conditions, and we did not take friction in account in deriving the dynamics equations for the system, that is why we have variations in voltages. And also the pendulum angle is not absolutely zero always.
b. Controller for both Alpha and Theta (destabilization included)
Now we aim to make the overall controller for alpha and theta combined. We have also included the Destabilization and Mode controllers. The Front Panel is as shown below. It is in the stabilization mode. In addition to the earlier white and red lines for the Alpha error and Control Voltage respectively, we have green line for error. It is worth noting that we have to change the gain of outer loop controller from 15(the MATLAB simulation) to 6, which is quite deviant from the expected/designed gain of -15. This could be attributed to friction in the bearing and probably backlash in the motor. As can be seen, the controller starts to amplify the alpha error from hanging down position and as soon as alpha crosses zero, the stabilization controller kicks in and the alpha is stabilized. The theta error also starts decreasing and then eventually drops to zero.
Conclusion
In conclusion, we were successfully able to design controllers that performed the desired tasks of stabilizing/destabilizing the Rotary Inverted Pendulum System. During this process, we learnt how a physical system can be analyzed as a simplistic model and how the digital control techniques, which we learnt during the course, could be used to achieve the desired outputs. We also learnt that the physical system is not always a perfect match to the simplistic model we suppose it to be. We have to make some adjustments in the designs so as to accommodate factors like friction and backlash.
We could use PD controller to improve systems' margin. The approximation to continuous 2 nd order system gives reasonably good results for dominant closed loop pole location. The tradeoff between settling time of pendulum and motor swing angle is very important to avoid saturation in voltage. 
